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Abstract
Over the past decades, first-principles real-time time dependent
density functional theory(rt-TDDFT) simulations have been lim-
ited to systems with only thousands of atoms. We propose a novel
method based on the discontinuous Galerkin adaptive local basis,
significantly reducing global communication in rt-TDDFT. We fur-
ther introduce a tensor compression technique that leverages basis
locality to avoid repeated evaluation of multi-center integrals in hy-
brid functionals, greatly reducing computational cost. To overcome
the projection bottleneck in our basis sets, we design a fused Gemm-
Reduce operation that achieves several times higher floating-point
efficiency than standard BLAS combination. Our implementation
reaches 34.8% of theoretical peak performance on 524,288 CGs of
the New Sunway supercomputer and simulates electronic dynamics
of systems with over one million atoms for both local-semi-local
and hybrid functionals. This work improves computational scale
by two orders of magnitude, opening new possibilities for explor-
ing ultrafast dynamics in large-scale materials and nanophotonic
devices.

CCS Concepts
• Applied computing→ Physics.

Keywords
High performance computing, discontinuous Galerkin method, real-
time time-dependent density functional theory, supercomputer
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1 OVERVIEW OF THE PROBLEM
Time-dependent phenomena, such as photoexcitation, electron re-
laxation, and non-equilibrium charge dynamics, play a crucial role
in various scientific and engineering applications, including ul-
trafast spectroscopy[39], photocatalysis[13], solar cells[19], laser-
induced phase transitions[31], organic optoelectronics[4], non-
linear optics[18], and other related phenomena. These processes,
driven by external perturbations like light or electric fields, involve
transient excited states and evolve on ultrafast timescales. Conven-
tional density functional theory (DFT)[24] has been proven highly
successful in describing ground-state properties, but it is inherently
a static theory and thus incapable of capturing time-dependent
behavior. Likewise, ab initio molecular dynamics (AIMD) considers
only nuclear motion and therefore cannot resolve purely electronic
processes occurring on femtosecond timescales.

© 2025 Copyright held by the owner/author(s). Publication rights licensed to ACM.
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To capture such ultrafast phenomena from first-principles simu-
lations, a theoretical framework capable of resolving the time evo-
lution of electronic states is required. To this end, time-dependent
density functional theory (TDDFT), proposed by E. Runge and E.
K. U. Gross in 1984[36], extends the original DFT formalism into
the time domain. In this framework, the static Kohn–Sham equa-
tions arise as a special case of the time-dependent Kohn–Sham
(TDKS) equations, as illustrated in Figure 1. TDDFT thus provides
a rigorous ab initio approach for simulating excited-state dynamics
in real time, making it an essential tool for studying excited-state
dynamics in complex systems.

Figure 1: Differences between Kohn-Sham equation and time-dependent Kohn-
Sham equation.

In recent years, large-scale ab initio simulations, widely applied
in condensedmatter physics, computational chemistry, andmaterial
simulations have primarily focused on static DFT calculations[7] or
nuclear dynamics at the atomic level through ground-state AIMD
calculations[37]. However, large-scale electron dynamics studies
have yet to emerge.

A major challenge is that state-of-the-art large-scale electron
dynamics simulations primarily rely on grid-based methods, which
inherently exhibit computational characteristics that hinder scala-
bility. These methods include a large number of required basis func-
tions, leading to significant memory overhead, and the reliance on
global Fourier transforms for Hamiltonian–vector multiplications
in plane-wave methods[28], or large-scale sparse matrix–vector
multiplications in real-space methods[14], both of which result in
severe communication and memory bandwidth bottlenecks.

Another key challenge lies in excited-state simulations, which
require a more accurate band gap description compared to ground-
state calculations. To address this, hybrid functionals are typically
employed to provide a more reliable treatment of exchange interac-
tions. However, in conventional grid-based implementations, hy-
brid functionals require the reconstruction of complex multi-center
integrals at each time step, with a computational cost that scales as
𝑂 (𝑁 4). As a result, time propagation at hybrid-functional accuracy
becomes computationally prohibitive for large-scale systems.

Additionally, when using non-grid-based methods to reduce the
computational bottlenecks mentioned earlier, projecting wavefunc-
tions onto real-space grids for electron density calculation often
becomes the main cost. This projection involves a tall and narrow
matrix multiplication followed by a reduction, both of which are
limited by memory bandwidth and reduce floating-point perfor-
mance.
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In ground-state calculations, the diagonalization procedure typi-
cally dominates the computational cost. As a result, the scalability
bottlenecks of other components are often masked by the time
spent on eigensolver routines, and ensuring a scalable eigenvalue
solver is usually sufficient to achieve overall scalability. In contrast,
excited-state simulations require that all computational compo-
nents exhibit both good parallel scalability and high floating-point
efficiency in order to maintain overall performance.

1.1 Summary of Contributions
This work presents significant algorithmic innovations and system
optimizations that, for the first time, enable large-scale electron
dynamics simulations with both local/semi-local and hybrid func-
tionals. These developments enable efficient ab initio simulations
of electron dynamics in large, complex systems at practical scales.

Our algorithmic innovations can be summarized as follows:
(1) A novel discretization scheme is introduced for solving the

time-dependent Kohn–Sham equations. By exploiting the
locality of the discontinuous Galerkin adaptive local basis
set, the method eliminates most of the global communica-
tion present in grid-based approaches. Meanwhile, irregular
sparse matrix multiplications are converted into a combina-
tion of nearest-neighbor communication and small dense
matrix operations, significantly reducing both communica-
tion bottlenecks and memory bandwidth limitations.

(2) A linear-scaling algorithm based on the DG-ALB basis set
is proposed for hybrid-TDDFT, which reduces the computa-
tional complexity of electron repulsion integrals fromO(𝑁 4)
to O(𝑁 ). Furthermore, to reduce the high cost of repeat-
edly evaluating multicenter integrals in hybrid-functional
rt-TDDFT, we adopt the interpolative separable density fit-
ting method for efficient tensor compression. This enables
precomputing and storing all costly integrals with modest
memory overhead, eliminating redundant operations during
real-time propagation and achieving up to a nearly 100×
speedup over plane-wave method.

(3) A fused Gemm-Reduce operator is introduced to address
performance bottlenecks in our basis set calculations. Re-
solves the high cache-to-memory data movement cost from
decoupled tall skinny matrix zGemm and reduction opera-
tions. This optimization boosts the floating-point efficiency
of hotspot computations from 10% to 82%.

These innovative methods enable our TDDFT simulations to per-
form real-time electron dynamics with hybrid functional accuracy
for systems containing over one million atoms on the nearly full
Sunway system (524,832 CGs) — a feat that is unprecedented even
for lower-accuracy functional simulations.

2 CURRENT STATE OF THE ART
The mainstream methods for excited-state simulations currently
include linear-response time-dependent density functional theory
(lr-TDDFT)[38], Green’s function–based approaches[8], real-time
time-dependent density functional theory (rt-TDDFT) , and others.

lr-TDDFT can be viewed as a linear-response approximation to
real-time TDDFT. It cannot capture nonlinear phenomena induced
by strong external fields, and while its applicability is somewhat

Figure 2: The relationship between system size and accuracy in different
methods for rt-TDDFT simulation.

limited and its accuracy moderate, it remains the most widely used
method for excited-state simulations due to its key advantage of
avoiding explicit time propagation. However, its computational
scaling is theoretically𝑂 (𝑁 5−𝑁 6), making large-scale simulations
challenging. To date, the largest reported lr-TDDFT calculation
has been limited to systems containing no more than 4,096 silicon
atoms[23].

AmongGreen’s function–basedmethods, the GWapproximation
is the most representative[9]. It provides an accurate description of
quasiparticles and enables the computation of quasiparticle band
structures, offering access to a subset of excited-state properties.
When combined with the Bethe–Salpeter equation (BSE), the ap-
proach can be extended to describe additional phenomena such
as exciton binding energies, thereby broadening its applicability.
However, the explicit inversion of large matrices required in GW
calculations poses a significant computational bottleneck, limit-
ing its scalability. Currently, GW-BSE simulations are restricted to
systems containing up to 3,903 silicon atoms[32].

rt-TDDFT is an ab initio approach that simulates the time evolu-
tion of a system by directly solving the time-dependent Kohn–Sham
equations. In contrast to LR-TDDFT, rt-TDDFT does not rely on the
linear approximation and is thus capable of capturing nonlinear
effects induced by strong external fields. Furthermore, due to its
explicit time-evolution scheme, it can simulate ultrafast nonequi-
librium phenomena that are inaccessible to GW-BSE methods, of-
fering excellent generality. The accuracy of rt-TDDFT depends
on the choice of exchange–correlation functional: local and semi-
local functionals are typically used for low-precision simulations,
while hybrid functionals are preferred when high accuracy is re-
quired. The computational scaling of rt-TDDFT is typically between
𝑂 (𝑁 3 − 𝑁 4). Due to the broad applicability of real-time TDDFT
and its potential for reduced computational scaling through appro-
priate basis sets and linear-scaling algorithms, it offers promising
prospects for extension to large-scale systems. Therefore, in this
section, we focus on recent advances related to rt-TDDFT.

Numerous efforts have been made in recent years to extend rt-
TDDFT to larger-scale systems. To date, the two largest local and
semi-local functionals TDDFT simulations have been performed by
SALMON[14] and Qb@ll[10]. SALMON simulated a SiO2 system

1876



SC ’25, November 16–21, 2025, St Louis, MO, USA Junwei et al.

Table 1: Characteristics of rt-TDDFT packages, including functionals Level, basis, test systems, number of atoms, system scale and machine. GTO denotes Gaussian-
type orbitals, NAO refers to numerical atomic orbitals, PW stands for plane waves, RS represents real-space basis sets, and DG-ALB indicates Discontinuous
Galerkin adaptive local basis sets. Instances of "/" indicate that the original text does not provide information for that specific item.

Level TDDFT packages Basis System Atoms Scale Machine PFLOPS (% of peak)

LD
A
/G

G
A

FHI-aims [12] NAO oligoacene 800 128 CPU cores Blue Gene/L /
RMG[20] RS Ag 2,160 64 nodes Frontier /

QRCODE [5] PW Mg porphyrin, h-BN 4,536 16,388 CPU cores Perlmutter /
Qb@ll [10] PW Al 5,400 98,304 nodes Blue Gene/Q 8.75 (43.0%)

OCTOPUS [1] RS chromophores 5,819 32,768 nodes Blue Gene/P 0.011(10.0%)
SALMON [14] RS SiO2 13,632 27,648 nodes Fugaku 2.69 (3.17%)

DG-TDDFT (This work) DG-ALB Li/Na, Ag, LaAlO3/SrAlO3 1M 262,144 CGs New Sunway, Fugaku 273.7 (45.4%)

H
yb

ri
d Qb@ll[25] PW Si 512 704 CPU cores Dogwood cluster /

PWDFT[22] PW Si 1,532 786 V100 Summit 0.11 (2%)
PWDFT[28] PW Si 3,072 768 A100 Wuhan /

DG-TDDFT (This work) DG-ALB Li/Na, Ag, LaAlO3/SrAlO3 1M 524,288 CGs New Sunway, Fugaku 419.9 (34.8%)

with 13,632 atoms (77,824 electrons) on 27,842 nodes of Fugaku,
with a peak performance of 2.69 PFLOP/s, achieving a single-step
solution time of 1.2 seconds. QB@ll simulated an aluminum system
with 5,700 atoms (59,400 electrons) on 98,304 nodes of Blue Gene/Q,
with a peak performance of 8.75 PFLOP/s, and reported a single-step
time of 52 seconds. In terms of scalability, both SALMON and QB@ll
are fundamentally limited by the large number of basis functions
required by grid-based methods, which lead to high memory pres-
sure, as well as by the significant memory bandwidth constraints
and global communication overhead introduced by their basis sets.
Even with extensive communication optimizations, scaling to larger
parallel configurations remains challenging.

The largest real-time TDDFT calculation with hybrid function-
als reported so far was performed using PWDFT[28], where the
adaptively compressed exchange (ACE) method[26] was employed
to reduce the cost associated with repeated applications of the Fock
exchange operator. Which simulated a silicon system with 12,288
electrons using 768 A100 GPUs on the Wuhan supercomputing cen-
ter. The simulation achieved a single-step time of 429.29 seconds.
In this work, peak performance was not reported. However, in the
2019 PWDFT work[22], hybrid functional simulations were carried
out on a system consisting of 1,532 silicon atoms using Summit,
achieving a peak performance of 0.11 PFLOP/s. In terms of scala-
bility, the PWDFT work in Wuhan supercomputer reported that
simulations of systems of 6,144 Si atoms (24,576 electrons) could
not be performed on A100 GPUs due to memory limitations.

In contrast, our implementation achieves orders-of-magnitude
improvements in single-step runtime, peak efficiency, and scala-
bility. By combining the linear-scaling tensor compression with
an integral store-and-reuse strategy, we perform high-accuracy
hybrid functional simulations of a silver system containing 1024
atoms/19,456 electrons (slightly larger than the 12,288-electron
system used in PWDFT) on 512 CGs. This results in nearly 100×
speedup in time-to-solution (4.41 s vs. 429.29 s), while requiring
significantly lower theoretical peak performance (512CGs: 1.18
PFLOP/s vs. 786 A100: 7.45 PFLOP/s).

In terms of scalability, our distributed basis set greatly reduces
global communication, achieving excellent weak scaling. On the
New Sunway supercomputer, we simulate a 1,048,576-atom LiNa
alloy, reaching 45.4% and 34.8% of peak performance for local/semi-
local and hybrid functionals. The hybrid case delivers 419.9 PFLOP/s,
3,817× faster than the previous rt-TDDFT hybrid record.

Current studies on electronic dynamics are summarized in Ta-
ble 1. The largest-scale simulations achieved by each method are
shown in Figure 2 for comparison with our work. Our implemen-
tation achieved a scale-up of 77x and 244x for the two precision
levels, respectively.

3 INNOVATION AND REALIZATION
3.1 Time-Dependent Kohn-Sham equations
The following is the set of time-Dependent Kohn-Sham (TDKS)
equations:

𝑖𝜕𝑡𝜓𝑖 (𝑡) = 𝐻 (𝑡, 𝜌 (𝑡))𝜓𝑖 (𝑡) . (1)
Here, 𝜌 (𝑡) represents the time-dependent electron density and𝜓 (𝑡)
represents the wavefunction, both of which are time-dependent,
unlike in the simpler ground-state KS equations.

For this type of time-dependent partial differential equations,
the choice of time integration scheme must be carefully considered.
Commonly used integrators include the fourth-order Runge–Kutta
(RK4) method, Crank–Nicolson (CN) scheme, Exponential midpoint
(EM) method, and so on. Although the DG-TDDFT framework does
not impose specific constraints on the choice of integrator, we adopt
the RK4 method in our implementation due to its higher numerical
accuracy and better suitability for large-scale systems.

3.2 Parallel Distributed Adaptive Local Basis
Function Construction

We construct an adaptive basis set using the discontinuous Galerkin
(DG) method to discretize the TDKS equations, yielding a time-
dependent Hamiltonian with a regular block-sparse structure. This
avoids conventional grid-based approaches, which require redun-
dant pseudopotential evaluations, global Fourier transforms, or
large irregular sparse-matrix multiplications. The DG method[6] is
widely used for PDEs such as the Navier-Stokes[29] and Hamilton-
Jacobi equations[15]. Lin et al.[27] first applied it to ground-state
KS equations in 2012, introducing an orthogonal, complete, and
localized adaptive basis (ALB) set.

The DG-ALB methodology involves partitioning the global sys-
tem and leveraging the local systems within each partition to con-
struct basis functions for the overall solution. We refer to each
partition as an element 𝐸6, and the surrounding enlarged region as
the extended element 𝑄6, as shown in Figure 3 (a).

Within each element, the corresponding number of Kohn–Sham
equations is solved fully in parallel using a steady-state self-consistent
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Figure 3: (a) Schematic diagram of localized basis set construction in the DG
method, using a graphene system as an example. (b) The block tridiagonal
sparse time-dependent Hamiltonian matrix constructed using the DG-ALB.

method to construct the basis functions of the overall Hamiltonian.

𝐻𝑄𝑘𝜙
𝑄𝑘

𝑘,𝑗
=

(
−1
2
Δ +𝑉𝑄𝑘

eff +𝑉𝑄𝑘

nl

)
𝜙
𝑄𝑘

𝑘,𝑗
= 𝜆

𝑄𝑘

𝑘,𝑗
𝜙
𝑄𝑘

𝑘,𝑗
(2)

𝑄𝑘 corresponds to the extended elements in Figure 3 (a), 𝜆𝑄𝑘

𝑘,𝑗
rep-

resents the j-th eigenvalue in the k-th extended element, and 𝜙𝑄𝑘

𝑘,𝑗

represents the j-th ALB basis set in the k-th extended element. Sub-
sequently, they will be truncated to the central element. All inte-
grals involving the basis sets will be performed within the extended
elements to account for the influence of the adjacent chemical en-
vironment on the central element. For example, in Figure 3 (a) 𝑄6
will be truncated to 𝐸6.

Subsequently, the time-dependentwavefunction can be expanded
in terms of the adaptive basis set as

𝜓𝑖 (r, 𝑡) =
𝑀∑︁
𝑘=1

𝐽𝑏∑︁
𝑗=1

𝜙𝑘,𝑗 (r)𝐶𝑖,𝑘, 𝑗 (𝑡). (3)

3.3 Constructing Time-Dependent DG
Hamiltonian

Within the discontinuous Galerkin framework, matrix elements of
the time-dependent DG Hamiltonian 𝐻DG

𝑘 ′, 𝑗 ′ ;𝑘,𝑗 (𝑡) expanded in the
DG-ALB basis set will be defined as following form.

𝐻𝐷𝐺
𝑘 ′, 𝑗 ′ ;𝑘,𝑗 (𝑡) =

1
2
𝛿𝑘,𝑘 ′

𝑀∑︁
𝑖=1

(∫
𝐸𝑖

∇𝜙∗
𝑘 ′, 𝑗 ′ (r)∇𝜙𝑘,𝑗 (r) 𝑑r

)
+ 1
2

𝑀∑︁
𝑖=1

(∫
𝐸𝑖

𝜙∗
𝑘 ′, 𝑗 ′ (r)𝑉eff (r, 𝑡)𝜙𝑘,𝑗 (r) 𝑑r

)
+
∑︁
𝑙,ℓ

𝛾𝑙,ℓ

𝑀∑︁
𝑖=1

(∫
𝐸𝑖

𝜙∗
𝑘 ′, 𝑗 ′ (r)𝑏𝑙,ℓ (r) 𝑑r

∫
𝐸𝑖

𝑏∗
𝑙,ℓ
(r)𝜙𝑘,𝑗 (r) 𝑑r

)
+ 1
2

∑︁
𝑆∈S

∫
𝑆

⟨𝜙𝑘 ′, 𝑗 ′ (r)⟩∗⟨∇𝜙𝑘,𝑗 (r)⟩ 𝑑r

− 1
2

∑︁
𝑆∈S

∫
𝑆

⟨∇𝜙𝑘 ′, 𝑗 ′ (r)⟩∗ [𝜙𝑘,𝑗 (r)] 𝑑r

+ 𝛼
∑︁
𝑆∈S

∫
𝑆

[𝜙𝑘 ′, 𝑗 ′ (r)]∗ [𝜙𝑘,𝑗 (r)]𝑑r (4)

Here,𝑀 denotes the total number of elements in the system, [·]
represents the jump operator across surfaces, and ⟨·⟩ stands for the

average across surfaces. 𝑉eff (r, 𝑡) is the effective potential, which
includes the time-dependent external potential field.

The fundamental mathematical properties provided by the Dis-
continuous Galerkin method are as equation 4: the first and second
terms in the Hamiltonian contribute only to the diagonal blocks.
The third term contributes to both the diagonal blocks and the
blocks adjacent to edges and corners. The boundary integral con-
tributions, appearing in the fourth through sixth terms, affect only
the blocks adjacent to the edges.

Since the adjacency relationships between elements are deter-
mined when the block pattern is established, we can construct a
sparsity pattern that depends solely on the block structure.

As shown in Figure 3 (b), the time-dependent Hamiltonian con-
structed using the DG-TDDFT method has a regular block-diagonal
sparse matrix structure. Each row block contains several fully dense
red blocks, whose number is determined by the dimensionality of
the domain partitioning: 3 for 1D, 9 for 2D, and 27 for 3D, cor-
responding to 3𝐷𝑖𝑚 nearest-neighbor interactions. This number
remains constant regardless of the overall system size. All dense
block indices are fixed by the DG discretization.

By applying Equations 2, 3 and 4, we can expand the TDKS
equation in Equation 1 within the adaptive local basis set.

𝑖𝜕𝑡𝐶𝑖,𝑘 ′, 𝑗 ′ (t) =
∑︁
𝑘,𝑗

𝐻DG
𝑘 ′, 𝑗 ′ ;𝑘,𝑗 (t)𝐶𝑖,𝑘,𝑗 (t) (5)

3.4 Constructing Exact Hartree-Fock Exchange
Matrix

3.4.1 Linear scaling of constructing the HFX matrix. For hybrid-
functional TDDFT, due to the large scale of electron repulsion
integrals (ERIs), traditional methods need to compute them on the
fly at each time step. We developed a low-memory, reusable alterna-
tive strategy based on tensor compression. In our implementation,
the short-range HSE06 exchange involves a multi-center integral
of the following form:

(𝜇𝜈 |𝜆𝜎) =
∫ ∫

𝜙𝜇 (r)𝜙𝜈 (r)
erfc(𝜔 |r − r′ |)

|r − r′ | 𝜙𝜆 (r′)𝜙𝜎 (r′) dr dr′

(6)
Formally, such integrals contain (𝑀𝑁ALB)2 × (𝑀𝑁ALB)2 terms,

where𝑀 is the total number of elements and 𝑁ALB is the number
of ALBs per element. The complexity is O(𝑀4), as the number of
ALBs per element is constant. However, due to the special locality
of the ALBs, only the orbital product pairs within the same element
are non-zero. As a result, the integrals can be simplified to the form
(𝜙𝐼 ,𝜇𝜙𝐼 ,𝜆 | 𝜙 𝐽 ,𝜈𝜙 𝐽 ,𝜎 ), which contains 𝑀𝑁 2

ALB ×𝑀𝑁 2
ALB terms. At

this point, the complexity is reduced to O(𝑀2).
Additionally, we can further exploit the short-range nature of the

HSE06 Coulomb kernel, erfc(𝜔 |r−r′ | )
|r−r′ | , which becomes nearly zero

outside the boundary of a sufficiently large extended element. In our
tests, we found that an element size of 8 bohr is sufficient to achieve
good accuracy. As a result, this truncation imposes an additional
constraint on the ERIs (𝜙𝐼 ,𝜇𝜙𝐼 ,𝜆 | 𝜙 𝐽 ,𝜈𝜙 𝐽 ,𝜎 ), namely that the index
𝐽 in 𝜙 𝐽 ,𝜈𝜙 𝐽 ,𝜎 must lie within the extended element associated with
𝐼 . In one, two, and three dimensions, the number of such extended
elements is limited to 𝑄 = 3, 9, and 27, respectively. Consequently,
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the total number of terms scales as𝑀𝑁 2
ALB ×𝑄𝑁

2
ALB, resulting in a

linearly scaling method with overall complexity O(𝑀). As shown
in the upper part of the "Low-Scaling ERIs compression" section of
Figure 4.

3.4.2 Interpolation separable density fitting algorithm. Although
the evaluation of these integrals has now become a linear-scaling
problem, computing this tensor at each TDDFT time propagation
step still incurs significant communication overhead. In practice,
however, the ERIs of the basis functions are fixed and do not need
to be recomputed. The remaining challenge lies in the large size of
the tensor of ALB orbital product of shape 𝑁 2

ALB ×𝑁𝑟 , which poses
a significant burden on limited memory resources.

Fortunately, a series of studies have shown that the orbital prod-
uct pairs in this type of multicenter integrals typically exhibit low-
rank structure in the resulting tensors. Among the 𝑁 2

ALB vectors,
many are linearly dependent and can be efficiently approximated
using low-rank decomposition[30][17][34]. To reduce the computa-
tional cost, we further apply the grid-based ISDF algorithm[35] to
decompose the ALB-pair tensor in each element: 𝜙𝐼 ,𝜇 (r)𝜙𝐼 ,𝜆 (r) ≈∑𝑁𝑝

𝑝 𝜁𝐼 ,𝑝 (r)𝜙𝐼 ,𝜇 (𝑟𝑝 )𝜙𝐼 ,𝜆 (𝑟𝑝 ). As shown in the lower part of the
"Low-Scaling ERIs compression" section of Figure 4. Where 𝑁𝑝 is
the total number of interpolation vectors, given by𝑁𝑝 = 𝑁𝑢𝑁ALB ≈
6𝑁ALB–12𝑁ALB, and 𝑁𝑢 is the truncated rank parameter. In our
tests, we found that when 𝑁𝑢 is chosen between 6 and 12, the result-
ing approximation already achieves good accuracy. Given that the
number of ALBs per element typically ranges from 60 to 120 ALBs,
the tensor can be compressed to approximately one-tenth of its orig-
inal size. {𝑟𝑝 } denotes a set of interpolation points (IPs) obtained
by using the K-means algorithm, and {𝜁𝐼 ,𝑝 (r)} is the interpolation
vectors (IVs) determined by least-square fitting.

Finally, the HFX matrix can be obtained using the following ma-
trix expression: 𝐻HFX

𝐼 𝐽
≈ − 1

2𝑋
𝑇
𝐼

[
(𝑋𝐼𝐷𝐼 𝐽𝑋𝑇𝐽 ) ◦𝑀𝐼 𝐽

]
𝑋 𝐽 . It is easy

to see that the integrals over the entire basis set are transformed
into a small sized auxiliary Coulomb matrix𝑀𝐼 𝐽 and reduced ALB
𝑋𝐼 = {𝜙𝐼 ,𝜇 (𝑟𝑝 )}. In the entire TDDFT calculation, we only need
to repeatedly compute the reduced density matrix 𝐷𝐼 𝐽 , and then
apply matrix multiplication on both sides. The cost of calculating
the reduced density matrix is O(𝑁 ) complexity and the same point-
to-point communication as the wavefunction multiplication. This
allows us to achieve hybrid functional TDDFT with the computa-
tional cost of GGA-level calculations.

3.5 Solving TDKS Equations and System
Responses

rt-TDDFT primarily simulates the system’s response to various
forms of external fields. In our subsequent tests, we will use an
ultrafast Gaussian laser pulse as an example. This type of laser
field can be used to study various interesting phenomena such as
electronic spectra and ion collisions.

The most commonly used response quantities of the system
under an external field are the time-dependent dipole moment,
which Fourier transform directly yields the electronic spectrum of
the system. It can be shown that in the DG-ALB basis set, the dipole

moment of the system has the following form:

𝐷 (𝑡) =
𝑀∑︁
𝑖=1

∫
𝐸𝑖

r𝜌𝑖 (r, 𝑡)𝑑r

=

𝑀∑︁
𝑖=1

∫
𝐸𝑖

r
𝑀∑︁
𝑘=1

𝐽𝑏∑︁
𝑙=1

𝑀∑︁
𝑘 ′=1

𝐽𝑏∑︁
𝑙 ′=1

𝜙𝑘,𝑙 (r)𝜙𝑘 ′,𝑙 ′ (r)𝑃𝑘,𝑙 ;𝑘 ′,𝑙 ′ (𝑡)𝑑r (7)

𝑃𝑘,𝑙 ;𝑘 ′,𝑙 ′ (𝑡) is time-dependent reduced density matrix over the
ALBs.

Use all of the above formulas, we provide the computational
workflow of Discontinuous-Galerkin-TDKS-RK4, detailed in Algo-
rithm 1.

Algorithm 1 One time-evolution step for Discontinuous-Galerkin-
TDKS-RK4 method
Input: t, Δ𝑡 and 𝐶𝑖,𝑘,𝑗 (𝑡) (0) .
Output: 𝐶𝑖,𝑘 ′, 𝑗 ′ (𝑡 + Δ𝑡) (0) , 𝐷 (𝑡), 𝐸 (𝑡)

1: Calculate 𝜌 (0)𝑡 from 𝐶𝑖,𝑘, 𝑗 (𝑡) (0) , and compute the external po-
tential at time 𝑡 , constructing 𝐻 (0)

𝑡 .
2: 𝑘1 = −𝑖Δ𝑡𝐻 (0)

𝑡 𝐶𝑖,𝑘, 𝑗 (𝑡) (0) , 𝐶𝑖,𝑘, 𝑗 (𝑡) (1) = 𝐶𝑖,𝑘,𝑗 (𝑡) (0) + 1
2𝑘1

3: Calculate 𝜌 (1)𝑡 from 𝐶𝑖,𝑘, 𝑗 (𝑡) (1) , and compute the external po-
tential at time 𝑡 + 1

2Δ𝑡 , constructing 𝐻
(1)
𝑡 .

4: 𝐻
(1)
𝑡 = 𝐻

(
𝑡 + 1

2Δ𝑡, 𝜌
(1)
𝑡

)
5: 𝑘2 = −𝑖Δ𝑡𝐻 (1)

𝑡 𝐶𝑖,𝑘, 𝑗 (𝑡) (1) , 𝐶𝑖,𝑘, 𝑗 (𝑡) (2) = 𝐶𝑖,𝑘,𝑗 (𝑡) (0) + 1
2𝑘2

6: Calculate 𝜌 (2)𝑡 from 𝐶𝑖,𝑘, 𝑗 (𝑡) (2) , constructing 𝐻
(2)
𝑡 .

7: 𝐻
(2)
𝑡 = 𝐻

(
𝑡 + 1

2Δ𝑡, 𝜌
(2)
𝑡

)
8: 𝑘3 = −𝑖Δ𝑡𝐻 (2)

𝑡 𝐶𝑖,𝑘, 𝑗 (𝑡) (2) , 𝐶𝑖,𝑘, 𝑗 (𝑡) (3) = 𝐶𝑖,𝑘,𝑗 (𝑡) (0) + 𝑘3
9: Calculate 𝜌 (3)𝑡 from 𝐶𝑖,𝑘, 𝑗 (𝑡) (3) , and compute the external po-

tential at time 𝑡 + Δ𝑡 , constructing 𝐻 (3)
𝑡 .

10: 𝐻
(3)
𝑡 = 𝐻

(
𝑡 + Δ𝑡, 𝜌

(3)
𝑡

)
11: 𝑘4 = −𝑖Δ𝑡𝐻 (3)

𝑡 𝐶𝑖,𝑘, 𝑗 (𝑡) (3)

12: 𝐶𝑖,𝑘,𝑗 (𝑡 + Δ𝑡) (0) = 𝐶𝑖,𝑘,𝑗 (𝑡) (0) + 1
6 (𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4)

13: Calculate dipole 𝐷 (𝑡) moments using Equations 7.

3.6 System Optimization
The DG-TDDFT program is developed based on the DGDFT frame-
work [27], with extensions to support hybrid functionals and excited-
state dynamics. It is implemented in C++ and employs MPI for
all inter-process communication, with the global communicator
divided into row and column communicators. In general, intra-
element column parallelization is used to handle local computa-
tions within an individual element or its extended region, while
inter-element row parallelization is responsible for data exchange
between neighboring elements.

3.6.1 Low Communication Distributed Matrix Multiplication. As
shown in the “Fixed neighbor communication” part of Figure 4,
the time-dependent Hamiltonian constructed with the DG-ALB
basis exhibits a special, regular sparse structure that allows matrix
multiplication to be performed with only local communication. This
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optimization fully leverages the intrinsic properties of the DG-ALB
basis, which are not available in traditional basis functions.

The rows and columns of the Hamiltonian are both of size𝑀 ×
𝑁𝐴𝐿𝐵 . Due to the adjacency property of the integrals, the 𝑁𝐴𝐿𝐵 ×
𝑁𝐴𝐿𝐵 block matrix formed by elements𝑀𝑖 and𝑀𝑗 is non-zero only
when 𝑗 is an adjacent element of 𝑖 . For example, in the case of a
two-dimensional block structure, each row block contains only 9
non-zero blocks. All the non-zero matrix blocks of the𝑀𝑖 block are
stored on all the processes corresponding to the𝑀𝑖 element.

Furthermore, due to the localized nature of the ALB, the mul-
tiplication of ALBs between different elements is zero. Therefore,
the wave function has a completely block-structured form, and the
coefficients of the total wave function within each element can be
independently stored on the process corresponding to the element.

For such matrix properties and storage structures, when calcu-
lating the multiplication of the time-dependent Hamiltonian matrix
and the wavefunction matrix, for the multiplication of each row
block, we only need to communicate with the processes correspond-
ing to the non-zero blocks of the Hamiltonian. Clearly, this data is
stored on several adjacent processes. Therefore, the global commu-
nication required for dense matrix multiplication is transformed
into local communication on adjacent processes. Furthermore, this
structure allows for easy computation-communication overlap. We
will use non-blocking ISend/IRecv to sequentially fetch data from
each adjacent process and perform local dense block Gemm calcu-
lations, further reducing communication costs.

3.6.2 Gemm-Reduce Fusion Operation. In Algorithm 1, the com-
putation of the electron density 𝜌 (𝑖 )𝑡 constitutes a computational
hotspot at each time propagation step. This density is used to con-
struct the updated Hamiltonian 𝐻 (𝑖 )

𝑡 , as well as to evaluate the
dipole moment in equation 7 at each step.

The projection of wavefunctions onto real-space grids—required
for non-grid-based basis sets because the electronic density is
defined on grid points—has become the primary computational
hotspot in our implementation, accounting for over 40% of the total
runtime due to the massive number of grid points and orbitals. Sim-
ilar projection operations also arise in traditional basis sets, such as
atomic orbitals. By leveraging the same underlying principles, the
fused operation optimization strategy we propose holds promise
for extension to these conventional approaches as well.

This projection step„ which we refer to as a Gemm-Reduce oper-
ation. The operation computes the row-wise sum of squared mag-
nitudes of the complex matrix product A multiplied by B, where A
has dimensions𝑀 by 𝐾 and B has dimensions 𝐾 by 𝑁 . The result
is a column vector of size𝑀 by 1. The dimensions𝑀 and 𝑁 range
from 10,000 to several hundred thousand, while the inner dimen-
sion 𝐾 is only in the tens to hundreds. As this operation generates
a large intermediate matrix, it is highly memory-bound; standard
implementation on the New Sunway supercomputer generally yield
less than 10% floating-point utilization. In Fugaku, HBM provides
a notable advantage in memory bandwidth over the New Sunway
(1024 GB/s vs. 307.2 GB/s). This results in slightly improved perfor-
mance. However, without the application of fused operations, the
floating-point efficiency of standard implementation still reaches
only around 20%.

However, in our case, the full result matrix is unnecessary-we
only require the column vector obtained through row-wise reduc-
tion. Exploiting this property, we implemented a fused Gemm-
Reduce operation library on New Sunway (Figure 4 Gemm-Reduce
fusion operation), which eliminates the costly read and write oper-
ations associated with the full result matrix and effectively over-
comes the memory-bound bottleneck. As a result, the floating point
utilization of the projection step increases from below 10% to 82%,
significantly improving performance on memory bandwidth con-
strained architectures. We tested a wide range of matrix dimensions.
For various narrow-strip matrices, our fused operation consistently
achieved substantial speedup over the standard implementation.
The performance results for matrices corresponding to the problem
sizes used in the weak scaling tests are summarized in Table 2.
On the New Sunway system, a hand-optimized assembly kernel is
used to replace the default zGemm kernel. All performance values
are measured on a single CG and reported in GFLOP/s. The the-
oretical peak performance of a single CG on the SW26010-Pro is
2300 GFLOP/s. On the LS-Pilot system (the system configuration
is described in Section 4.1), the default zGemm kernel is used for
both baseline and optimized results, and all performance values are
measured on a single NUMA domain with 36 compute cores with
a theoretical peak performance of 8100 GFLOPS, also reported in
GFLOP/s. The higher observed speedup on the LS pilot system is
primarily attributed to the lack of optimization for narrow-strip
matrix multiplication in its default zGemm library, which leads to
a lower baseline performance.

Implementation details: Both the ALB matrix and the coefficient
matrix are partitioned into fixed-size blocks that fit within each
slave core’s Local Data Memory (LDM) in a Compute Processing
Element (CPE), with each slave core independently performing the
multiplication of its assigned matrix block. We hand-wrote custom
complex matrix multiplication kernels in assembly for each slave
core, replacing the standard zGemm kernels that operate across the
entire CPE array. During each multiplication, blocks of matrix A
are split into real and imaginary parts using the shuffle instruction,
while matrix B remains unchanged. The resulting matrix C also
stores real and imaginary parts separately. Since only the row-wise
sum of squares is required, the final shuffle can be omitted, and
the reductions are performed directly on the real and imaginary
components. The optimized zGemm kernel achieves a floating point
utilization of 92.3%. This assembly kernel is specifically optimized
for the Sunway architecture and was adopted in place of the na-
tive kernel due to its 20%–30% performance improvement. It is
worth noting, however, that the core objective of the fusion strat-
egy—reducing memory access complexity—is architecture-agnostic.
For simplicity or portability, the assembly kernel can be replaced
with the native zGemm kernel without compromising the effec-
tiveness of the fusion scheme. As demonstrated by the LS-Pilot
system results in Table 2, even without a custom kernel, the fusion
operation alone yields significant performance gains. Although
the optimized floating point efficiency on LS Pilot (31.4%–58.2%)
is lower than that on Sunway (76.6%–84.4%), it still represents a
remarkable 13.6x–20.8x improvement over the baseline, which was
below 5%.

The reduced results are directly accumulated within the LDM.
Matrix A remains fixed while matrix B traverses the row blocks of
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Figure 4: Schematic diagram of fusion operations, low-scaling HFX construction, ISDF data compression, and neighbor communication optimization techniques.

the coefficient matrix (as indicated by the red arrow). Intermediate
reduction results are stored locally in each slave core. Once all
row blocks have been processed, each slave core performs a single
atomic write to the global density tensor. Matrix A is then advanced
(yellow arrow) to load the next ALB matrix block. This process
is repeated until the full density is computed. By profiling the
DMA functions in the fusion operation, we obtained the memory
bandwidth for this hotspot section, approximately 41GB/s, and the
GFLOPS range is 1762.1–1942.3 GFLOPS (Table 2). The assembly
microkernel can achieve a peak of 2000 GFLOPS, but the LDM
(local data memory) size constraints and the lack of latency hiding
for inter-thread communication should introduce some overhead.
After applying the Gemm-Reduce fusion, the bottleneck shifts from
memory-bound to compute-bound.

3.6.3 Customized libraries. Another major computational hotspot
is the construction of the Hamiltonian matrix, particularly for
HSE06, which involves extensive global Fourier transforms and typ-
ically accounts for around 50% of the total runtime. It is therefore
necessary to employ specialized libraries to reduce communication
overhead and mitigate the loss in floating-point efficiency. The
time-dependent electron density in DG-TDDFT can be reduced to
a real-space block format without communication overhead by the
time-dependent wavefunction within each element. In the ground-
state treatment, data is typically rearranged into a Slab format for

Table 2: Gemm refers to the floating-point performance of the stan-
dard BLAS zGemm. To handle the large intermediate matrix in the
separate implementation, matrix B needs to be partitoned into col-
umn blocks. We use 1024 columns per block, as larger sizes show
no clear speedup. Total includes the combined performance of sep-
arate zGemm and Reduce operations. Fuse-operator represents the
performance of our fused implementation. Speedup indicates the
performance gain over the standard approach. All floating-point
performance values are reported in GFLOPS/s.

New Sunway

𝑀 𝑁 𝐾 zGemm Total Fuse-operator Speed-up

65536 32768 64 171.4 130.2 1762.1 13.5x
196608 36864 64 163.8 118.3 1763.2 14.9x
65536 32768 128 290.4 229.2 1888.1 8.2x
196608 36864 128 280.7 211.2 1889.3 8.9x
65536 32768 256 441.4 366.7 1942.1 5.3x
196608 36864 256 430.0 343.4 1942.3 5.7x

LS Pilot System

𝑀 𝑁 𝐾 zGemm Total Fuse-operator Speed-up

65536 32768 64 125.0 122.3 2542.0 20.8x
196608 36864 64 122.8 118.6 2703.3 22.8x
65536 32768 128 200.5 195.9 3713.4 19.0x
196608 36864 128 200.8 195.2 3786.8 19.4x
65536 32768 256 332.4 321.7 4625.0 14.4x
196608 36864 256 357.3 347.7 4717.6 13.6x
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processing using fftw/swfftw. For excited states, due to more fre-
quent global construction (LDA functional requires 4 global forward
and inverse Fourier transforms per time step, while HSE functional
requires 20 forward transforms and 28 inverse transforms.), we aim
to minimize data movement costs. The MFFT library[40] is specif-
ically adapted to the New Sunway’s Pencil-blocked FFT library,
optimized through a series of memory optimizations and message
combinations to fit the New Sunway’s communication structure.
On the New Sunway, we use MFFT to avoid the overhead caused
by data rearrangement, while heffte[2] are used as alternatives on
the Fugaku supercomputer.

Moreover, we employ the SWAF library to replace multiple
looped Gemv operations in grid-based potential interpolation with
two tensor transpositions and a single Gemm, significantly improv-
ing performance.

4 HOW PERFORMANCEWAS MEASURED
All large-scale computations are conducted on two different su-
percomputers: New Sunway and Fugaku. Additional tests on the
general applicability of the fusion operation are carried out on the
LS Pilot system.

4.1 Setup of Testing Environment
New Sunway features 107,520 compute nodes and a theoretical
peak performance of 1.5 EFLOPS. Each compute node includes a
sw26010 pro chip along with 96 GB of memory, partitioned across
6 core groups (CGs), each with 16 GB of memory. The core groups
are organized with one management processing element (MPE) and
64 computing processing elements (CPEs), arranged in an 8 × 8 grid
within the Cmesh network.

Fugaku is an ARM many-core supercomputer with a theoretical
peak performance of 537.21 PFLOPS. It consists of 158,976 com-
puting nodes interconnected through a 6D-torus network. Each
node is equipped with an A64FX ARM CPU, which has four core
memory groups (CMGs). Each CMG contains 13 cores (1 for OS and
12 for compute) and 8 GB of HBM2 memory (32 GB per node). The
A64FX supports 512-bit SVE vector instructions, achieving a peak
performance of 3.38 TFLOPS at 2.2 GHz, with a memory bandwidth
of 1024 GB/s. Fugaku is currently running in Boost Eco mode with
one pipeline disabled, and the peak floating point performance per
CPU is 1.6896 TFLOPS (base on official confirmation).

Each node of the LS pilot system is equipped with two high-
performance LX2 processors, providing a total of over 256 cores.
The LX2 is a system-on-chip (SoC) that integrates two computing
dies within a single package. Each die is equipped with 128 GB of
off-die DDR memory and divided into four NUMA domains. To
enhance data transfer efficiency between DDR and the on-package
high-bandwidth memory, a System Direct Memory Access (SDMA)
interface is implemented within each CPU die. The two dies are
interconnected via the LXLink network, with each network card
offering a bidirectional bandwidth of 48 GB/s. Each core supports
Scalable Vector and Matrix Extension (SVME), enabling double-
precision SIMD instructions and in-pipeline 8×8 matrix operations.
The cores operate at a frequency of no less than 1.3 GHz.

4.2 Measurement
The executed floating-point measurements were obtained using the
performance analysis library functions penv_host1_float_muletc_count
and penv_slave_fd_float_sum_count on the New Sunway system,
while the computation time was measured using MPI_Wtime.

• Time-to-solution, defined as the per time-evolution step
time, which includes all operationswithin one time-evolution
step (including I/O operations).

• Peakperformance, defined as "total FLOPs per time-evolution
step / time-to-solution".

Setup time, such as the initialization of MPI, the system, and the
ground-state wavefunction, is not included. In the New Sunway sys-
tem, we use the nominal 2.3 TFLOPS per CG as the theoretical peak
performance. For Fugaku, we take 1.6896 TFLOPS/CPU (Boost Eco
mode) as the theoretical peak performance. The total FLOPS count
is approximated by referencing the same case on New Sunway. The
ground-state inputs of the program are provided by DGDFT[16].
All numerical tests employed double-precision floating-point oper-
ations.

4.3 Benchmark and Numerical Accuracy
We conducted an accuracy comparison between our code and the
PWDFT software, which implements the rt-TDDFT module using
the plane-wave method. The rt-TDDFT functionality in PWDFT has
been previously benchmarked against other TDDFT software[21,
22], such as Quantum ESPRESSO[11] software package, in numer-
ous studies. The results of this comparison are shown in Figure
5.

To systematically evaluate the accuracy of the DG-rtTDDFT
method, we selected representative examples from molecular, semi-
conductor, andmetallic systems for comparisonwith the PW-rtTDDFT
method. The chosen systems include a benzene molecule contained
within a 19.99 × 19.99 × 19.99 Bohr simulation box, a Si8 unit cell
with lattice constants of 10.26 × 10.26 × 10.26 Bohr, and a Na4Mg12
unit cell with lattice constants of 20.23 × 20.23 × 10.12 Bohr. The
type of pseudopotential used is SG15 Optimized Norm-Conserving
Vanderbilt (ONCV), the exchange correlation functional is the Lo-
cal Density Approximation (LDA) and Heyd–Scuseria–Ernzerhof
2006 hybrid functional (HSE06). Since hybrid functionals involve
the use of the ISDF method, we additionally tested the impact of
different rank parameters Nu on the accuracy of DG-TDDFT hybrid
functional calculations, and plotted the corresponding absorption
spectra for a simulation time of 120 fs.

The comparison results are shown in Figure 5, where it is evi-
dent that the results obtained using our method are virtually in-
distinguishable from those produced by the PW-rtTDDFT method,
indicating that both approaches achieve comparable simulation
accuracy.

4.4 Large Systems Performance Results
4.4.1 Large-scale system selection. For TDDFT, a well-known ap-
plication is the study of the spectra of clusters or nanoscale bi-
ological structures. A recent TDDFT study of Ag clusters men-
tioned that there are currently no suitable programs capable of
using hybrid functionals for TDDFT to study the spectra of Ag923
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Figure 5: Figures (a), (b), and (c) show the time evolution of the dipole moment for three different materials under Gaussian laser with an electric field peak of 1
eV/Å, a frequency of 0.6615 au, and a laser width of 13.6 au, central time of the laser pulse is set to 0.11 au, calculated using DG-ALB and plane waves basis sets. (a):
Benzene molecule dipole using the LDA functional. (b): Na4Mg12 alloy system dipole using the LDA functional. (c): Si8 system dipole using the HSE06 functional for
different ISDF rank parameters. (d): Electronic absorption spectrum of Si8 using the HSE06 for different ISDF rank parameters (120fs).

Figure 6: (a) Strong scaling of TDDFT on New Sunway and Fugaku with 8,192 to 262,144 processors, with parallel efficiency benchmarked against the smallest
processor count. (b): Weak scaling of three different materials on New Sunway, with the marked points indicating the achieved peak flops rate. The LiNa tests (LDA
and HSE) were scaled from 262,144 to 1,048,576 atoms (1,048,576 electrons), while the Ag system was scaled from 1,024 to 32,768 atoms (622,592 electrons).

nanostructures[3]. Considering practical applications, we specif-
ically chose structures ranging from (Ag)1024 to (Ag)32768 as an
example for large-scale testing. Additionally, the free electron gas
in metal systems can easily give rise to non-local excitations, which
are difficult to simulate using fragment-based methods. Therefore,
we selected the (Li/Na)262144-(Li/Na)1048576 alloy systems as the
second large-scale test example. The last example corresponds
to a superconducting heterojunction, LaAlO3-SrTiO3, with a two-
dimensional electron gas[33]. For such systems, laser control of

electronic transport is a common technique. We selected (LaAlO3-
SrTiO3)40960 as the third test system. In all test cases involving
HSE06, the ISDF rank parameter Nu was uniformly set to 12. The
number of processors scales quadratically with the system size in
weak scaling test, consistent with the O(𝑁 2) complexity of our
algorithm.

4.4.2 Strong Scaling. Figure 6 (a) shows the strong scaling of the
(Ag)16384 system. We used a cutoff energy of 60 Ha and employed
8 ALB basis functions per orbital for DG-TDDFT calculations with
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the HSE functional. Due to the global Fourier transform involved
in constructing the Hamiltonian, the strong scalability of the entire
system decreases as the number of processor increases. However,
even with half of the machine, the simulation using the HSE func-
tional for a (Ag)16384 system with 622,592 electrons still maintains
35.8% scalability and achieves 29.9% floating-point efficiency, reach-
ing a breakthrough single-step time of just 4.84 seconds. As shown
in the strong scaling results, New Sunway and Fugaku exhibit con-
sistent scaling trends, which demonstrates the generality of our
method across architectures. Sunway achieves lower parallel ef-
ficiency than Fugaku under identical test cases, primarily due to
the higher theoretical peak performance of each CG compared
to Fugaku’s CMG (2.3 TFLOPS vs. 0.42 TFLOPS), which amplifies
the effects of load imbalance and communication overhead. Never-
theless, owing to the significant reduction in memory access cost
enabled by the fusion strategy, Sunway consistently delivers higher
peak performance—e.g., (Li/Na)262144: 27.8% vs. 17.1%, (LaAlO3-
SrTiO3)40960: 41.1% vs. 32.8%—despite relying on DDR4 memory
with lower bandwidth than Fugaku’s HBM.

4.4.3 Weak Scaling. Figure 6 (b) presents the weak scaling perfor-
mance of LiNa alloy and silver systems using LDA and HSE hybrid
functionals on the new Sunway supercomputer. For the (Ag)𝑛 sys-
tems, a 60 Hartree cutoff and 9 ALB basis functions per orbital were
used; for (Li/Na)𝑛 , a 20 Hartree cutoff and 8 ALBs per orbital were
used.

In LDA simulations, the LiNa system was scaled from 16,384 to
262,144 CGs, with atom counts from 262,144 to 1,048,576. For HSE,
LiNa scaled from 32,768 to 524,288 CGs with the same system sizes,
while the Ag system scaled from 512 to 524,288 CGs, corresponding
to 1,024 to 32,768 atoms.

The observed rise-then-fall trend in floating-point performance
is primarily due to the limited parallelism in FFT-based gradient
calculations. In HSE functionals, three independent Fourier trans-
forms are performed along each spatial direction, which can be
parallelized up to three processes per element. Beyond this point,
no further intra-element parallelism is gained, and global commu-
nication associated with FFTs becomes the dominant source of
floating-point efficiency loss. In contrast, LDA requires fewer FFTs,
leading to better scalability.

At the largest scale—524,288 CGs and 1,048,576 atoms—the HSE
simulation of the LiNa system achieved 34.8% floating-point effi-
ciency and 419.9 PFLOP/s, which is 3,817x higher than the previ-
ously reported largest hybrid-functional TDDFT simulation[22]
(Table 1).

5 IMPLICATIONS
5.1 Scientific Applications
The heterojunction formed by the insulating materials LaAlO3 and
SrTiO3 exhibits spontaneous and piezoelectric polarization phe-
nomena on its surface. At the interface, residual electrons emerge,
leading to the formation of a two-dimensional superconducting
electron gas[33]. Using the DG-TDDFT method, we have conducted
a first-principles investigation into the electronic dynamics of this
system. Figure 7 presents their ground-state electronic density as
well as the electronic transport phenomena under the control of a

Gaussian laser field. These simulation scheme for the electronic dy-
namics of complex systems under external field control give a new
physical insight into fundamental properties of the complex metal-
lic heterojunctions for designing high-performance next-generation
electronic devices.

Figure 7: Top: Yellow shows the ground-state electron density isosurface. Bot-
tom: Blue and yellow indicate regions of decreased and increased electron
density in the laser-driven system, respectively.

5.2 Conclusion and Outlook
Together with density functional theory and molecular dynamics,
ab initio electron dynamics completes the triad of essential com-
ponents in first-principles simulations. For the first time, we have
achieved ab initio electron dynamics simulations at the million-
atom scale. This work delivers breakthroughs in both accuracy
and scale. In systems with up to 105 electrons, we perform hybrid-
functional-accuracy simulations with a single-step time of just a
few seconds—something previously unattainable. Our work rede-
fines the boundaries of what is computationally feasible in electron
dynamics. Problems such as mesoscopic-scale photochemical reac-
tions, external-potential-driven phenomena from low-concentration
doping, and excited-state spectra of large biomolecular systems will
be reconsidered in terms of their simulability.
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Appendix: Artifact Description
A Overview of Contributions and Artifacts
A.1 Paper’s Main Contributions
A.2 Computational Artifacts
A1 DGDFT/DGTDDFT-Sunway DOI:N/A (proprietary)
A2 DGDFT/DGTDDFT-Fugaku DOI:N/A (proprietary)

Artifact ID Contributions Related
Supported Paper Elements

𝐴1 𝐶1,𝐶2,𝐶3,𝐶4 Tables 2
Figure 5-7

𝐴2 𝐶1,𝐶2,𝐶3 Figures 6

A.2.1 ARTIFACT AVAILABILITY. Software Artifact Availability:
Some author-developed software artifacts are NOT maintained in
a public repository or are NOT released under an OSI-approved
open-source license.

Hardware Artifact Availability: No author-developed hardware
artifacts are associated with this work.

Data Artifact Availability: No author-developed data artifacts
are associated with this work.

Proprietary Artifacts: No author-developed artifacts are propri-
etary.

This workwas developed based onDGDFT. An early open-source
version of DGDFT from Berkeley Lab is available to help readers
understand its principles, and we have included it in the Zenodo
repository.

The latest version of DGDFT has been jointly developed by
multiple authors from LBNL and USTC, and includes a substantial
amount of unpublished work. As such, we do not have the right to
release the contributions of others without consent. We kindly ask
for your understanding.

If you are interested in accessing the code, please contact me at
fengjw@mail.ustc.edu.cn. The code will be made available upon
obtaining consent from all co-developers.

B ARTIFACT IDENTIFICATION
B.1 Computational Artifact 𝐴1

Relation To Contributions
This artifact is the Sunway version of DGDFT/DGTDDFT. Figures
5–7 and Table 2 present results obtained using this code, including
accuracy, scaling, and application tests, as well as fused computation
performance.

Expected Results
C1: This code uses a novel DG-ALB basis, and the results in Figure
5 show that it achieves nearly the same accuracy as the plane-
wave basis. C2: It adopts linear-scaling algorithms, achieving up
to 100× speedup over plane-wave methods on systems of similar
size. C3: As shown in Figure 6, our code scales efficiently to 524,288
processors on the New Sunway supercomputer. C4: In Table 2,
the fused operation library in this code improves floating-point

efficiency by several times to over tenfold compared to the unfused
version.

Expected Reproduction Time (in Minutes)
The time for ground-state calculations varies with the system and
resources, typically ranging from minutes to hours. Excited-state
simulations similarly depend on these factors, but are also influ-
enced by the time step: although each step takes only seconds,
high-accuracy propagation requires many steps, leading to simula-
tion times of several days for large systems.

Artifact Setup (incl. Inputs)
Hardware. New Sunway: Relevant hardware details: 6CGs (Core
Groups) per node. A CG consists of 64 Compute Processing Ele-
ments (CPEs) on a 4×4 mesh, with four CPEs sharing each mesh
stop.

Software. Applications and versions: DGDFT/DGTDDFT-Sunway.
Libraries and versions: swgcc710-tools-SEA-1449-mpi, libxc/6.2.2,
mswfft, yaml-cpp/0.5.1, swBlas/xMath, swLapack/xMath, scalapack-
2.0.2, swfftw, elpa/2023.05.001, PEXSI/Sunway

Datasets / Inputs. Ag (1,024-32,768 atom), Li/Na (262,144-1,048,57
atom)

Installation and Deployment. Compilers and versions: swgcc710-
tools-SEA-1449

Artifact Execution
source ./env.1449.sh
echo $DGDFT_DIR
rm -rf $DGDFT_DIR/external/yaml-cpp
cd $DGDFT_DIR/external/yaml-cpp-0.7.0
rm -rf build/*
cd build
cmake -DCMAKE_INSTALL_PREFIX=$DGDFT_DIR/external/yaml-
cpp ..
make
make install
cd $DGDFT_DIR/external/lbfgs
make cleanall && make
cd $DGDFT_DIR/external/rqrcp
make cleanall && make
cd $DGDFT_DIR/external/blopex/blopex_abstract
make clean && make
cd $DGDFT_DIR/src
make cleanall && make -j
cd $DGDFT_DIR/examples
make cleanall && make pwdft && make dgtddft
bsub -b -J name -o runlog -exclu -share_size 15000 -host_stack 2048
-n 1024 -cgsp 64 -q queue dgtddft

Artifact Analysis (incl. Outputs)
The rt-tddft-pw code used for benchmarking, the benchmark data
with DGTDDFT, the early open-source version of DGDFT, and
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the fused operation library used in our work (available on the
Sunway platform) have all been organized in the following Zenodo
repository.
(1) https://doi.org/10.5281/zenodo.16933545

Starting from “RTTDDFT-Hybrid/RTTDDFT”, the simulation is
entirely handled by our own implementation. The ground-state
input is not read from I/O files; instead, the initial wavefunctions
are directly copied from memory using DGDFT. For each RK4 step,
the outputs of interest are as follows:
Dx: -6.08925869337 Dy: -6.08925395339 Dz -6.08918443486
This is dipole moment data of Si8. By performing a Fourier trans-
form of the time-dependent dipole moment, the absorption spec-
trum can be obtained. Due to differences in the initial coordinate
origins used in the simulations, each dipole value must be shifted
by subtracting the dipole moment at 0 fs.

The timing breakdown of each component, as well as the per-
step runtime, for the LiNa example output is shown below:
DensityTime: 5.60260750095 s
Times Ham vector: 0.474219603333 s
Times Update: 0.122302035241 s
Times Dipole: 0.00671734857315 s
Times Vext: 0.00856638095138 s
Times Construct Ham: 7.94920213905 s
Time for RK4 a cycle = 14.4039612314 s.

Finally, we provide the most critical fused operator library for
floating-point optimization. If you have access to the Sunway envi-
ronment, you can directly link the provided .a file. The interface of
the routine is as follows
sw_ColMajor_zgemm_reduce_master (char trans_1, char trans_2,
intM, int N, int K, std::complex<double>* A, int lda, std::complex<double>*
B, int ldb, double* R);

B.2 Computational Artifact 𝐴2

Relation To Contributions
This artifact is the Fugaku version of DGDFT/DGTDDFT. The scal-
ability results on Fugaku in Figure 6 were obtained using this code.

Expected Results
C1 & C2: Same as A1. C3: As shown in Figure 6, the code was
successfully scaled to 262,144 processors on Fugaku, reaching half-
machine scale.

Expected Reproduction Time (in Minutes)
Same as A1.

Artifact Setup (incl. Inputs)
Hardware. Fugaku:Relevant hardware details: Each node is equipped
with an A64FX ARM CPU, which has four core memory groups
(CMGs). Each CMG contains 13 cores (1 for OS and 12 for compute)
and 8 GB of HBM2 memory (32 GB per node).

Software. Applications and versions: DGTDDFT-Fugaku.Libraries
and versions: tcsds-1.2.41-mpi, libxc/9.1.5, heffte/2.0.0, yaml-cpp/0.7.0,
fftw/3.6.10, Scalapack (fugaku official LP64, SVE version: -lfjscalapacksve

-SSL2 -SCALAPACK), Lapack (fugaku official LP64, SVE version
version: -lfjlapackexsve), elpa/2023.05.001, PEXSI/2.0.0

Datasets / Inputs. Li/Na (262,144 atom), LaAlO3/SrAlO3 (10,240,
40,960 atom)

Installation andDeployment. Compilers and versions: compiler/tcsds-
1.2.41

Artifact Execution
source ./env.sh
rm -rf $DGDFT_DIR/external/yaml-cpp
cd $DGDFT_DIR/external/yaml-cpp-0.7.0
rm -rf build/*
cd build
cmake -DCMAKE_INSTALL_PREFIX=$DGDFT_DIR/external/yaml-
cpp ..
make
make install
echo $DGDFT_DIR
cd $DGDFT_DIR/external/lbfgs
make cleanall && make
cd $DGDFT_DIR/external/rqrcp
make cleanall && make
cd $DGDFT_DIR/external/blopex/blopex_abstract
make clean && make
cd $DGDFT_DIR/src
make cleanall && make -j
cd $DGDFT_DIR/examples
make cleanall && make pwdft && make dgtddft
pjsub submit_large.sh

Artifact Analysis (incl. Outputs)
Same as A1.
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